A physical realization of the quantum superalgebra sl q (2/1) .
Introduction
Since the beginning of the theory of the fractional quantum Hall effect (FQHE) [1] , the assumption was made that electrons in the lowest Landau level were completely polarized. This is because a magnetic field which is large enough to produce Landau quantization, must also induce a large Zeeman splitting. It was Halperin [2] who pointed out for the first time in 1984 that this assumption is not always valid. Following his remarkable work, many studies have been performed on this issue [3, 4, 5, 6, 7, 8] .
There is even experimental evidence that in quantum Hall effect (QHE) [9] , unpolarized electrons are present at some filling factors [10] . This leads one to have to consider spin as a relevant variable.
In ref. [11] , the spectrum of a spin-1 2 Bloch electron in a constant magnetic field was found by resorting to the techniques of quantum superalgebras, i.e. the algebras of quantum supergoups [12, 13] . These constitute a class of the Z 2 -graded quasitriangular Hopf algebras, which are obtained by quantizing the Lie bi-superalgebraic structures [14, 15] of the basic classical Lie superalgebras. Alternatively, quantum supergroups can be regarded as the supersymmetric generalizations of the quantum groups [16, 17] . The first application of these seemingly abstract algebraic structures to concrete problems in condensed matter theory was accomplished by Gould, Hibberd and Links [18] .
In this work, we investigate the consequences of the spin-1 2 electron's motion being restricted to a semiplane, that we identify with the Poincaré upper half-plane. Our main results are the following: -we show that the symmetry algebra of the Hamiltonian is the quantum superalgebra sl q (2/1); -we discuss the physical significance of the symmetry operators and point out, in particular, that they are not the supersymmetric extension of the "magnetic translation" operators; -finally, we exploit our findings to calculate the degeneracy of the lowest Landau level.
The paper is organized as follows: In section 2, we review the quantum group symmetry sl q (2) arising in the case of a spinless electron constrained to move on a semiplane. In section 3, we investigate the case of spin- 1 2 electron, and show that the corresponding symmetry operators are not the generators of "magnetic translations". In section 4 we identify the symmetry algebra of the problem with the quantum superalgebra sl q (2/1). The latter is exploited to find the degeneracy of the lowest Landau level, which is accomplished in section 5. The final section is devoted to the conclusions and perspectives.
Spinless electron on the Poincaré half-plane
To begin with, let us now briefly introduce some notations adopted in this paper [19] . The Poincaré upper half-plane is denoted by H = {z = x + iy, y ≥ 0} and its metric written as
which is in turn equivalent to the following form
A constant magnetic field on H is obtained by considering the one-form
being its corresponding field strengh
The Hamiltonian of a spinless non-relativistic electron of mass m (we take m = 2 for simplicity) moving on the Poincaré upper half-plane H under the influence of a constant magnetic field orthogonal to its plane can be written as [20] 
If we define the following operators
the Hamiltonian Eq. (5) becomes
Following ref. [20] , it is possible to define in terms of L 1 and L 2 a pair of operators
which satisfy the commutation relation
Then, if we consider the symmetry operators to be given by
it is straightforward to prove that the following operators
generate the quantum algebra sl q (2) and have the commutation relations [16] [
The q-deformed parameter q = e 1 2 ε×η (13) will be chosen in the following to be a kth root of unity, i.e.
We conclude this section by noting that the degree of degeneracy of the lowest Landau level coincides with the dimension of the cyclic irreductible representation of the realized quantum algebra sl q (2) [21] . In the following, we introduce the spin degree of freedom.
3 Spin-
2 electron on H
Here we take into account the spin degree of freedom for the electron, and study its influence on the symmetry. Let us consider in H a spin-1 2 electron in a constant magnetic field orthogonal to H. The Hamiltonian in this case is written as
where H 0 is given by Eq. (5) and σ z is the Pauli matrix
In this case the problem is supersymmetric [22] and the eigenfunctions of this Hamiltonian are denoted by |(m, l) B , m F > , where (m, l) B are the usual bosonic quantum number and m F = 0, 1 is a fermionic one. The latter intoduces a two-fold degeneracy of each excited state.
Before investigating the symmetry operators of the above Hamiltonian, let us show that they are not the extended "magnetic translation" operators. In fact, when the surface is flat, the Hamiltonian of the present system becomes
being P the mementum operator and A the vector potential one-form of Eq.(3). In Eq. (17) it is easily shown [23] that the symmetry operators of the Hamiltonian are the supersymmetric extension of the "magnetic translation" operators. The latter can be written as
where σ 1 and σ 2 are two matrices commuting with σ z and given by
These operators have the following commutation relations
where m = (m 1 , m 2 ), n = (n 1 , n 2 ) are two elements of Z 2 , m × n = m 1 n 2 − m 2 n 1 and α is a parameter related to the magnetic field strength B. These commutation relations are generated by the supersymmetric extension of the sine algebra. Further details about the realization of this algebra can be found in reference [23] .
By a straightforward calculation, one can prove that the supersymmetric extensions of the "magnetic translation" operators Eq.(18) do not commute with the Hamiltonian of the spin-1 2 electron on H Eq. (15) . Being so, let us return to investigate the available symmetry operators of the present system. To obtain these operators, all we have to do is to multiply the defined T ′ ε s in Eq.(10) by 2 × 2 matrices that commute with σ z . Consequently, we can define the sought for operators as follows
where σ 1 and σ 2 are given by Eq. (19) . Using all these tools, we can show that these operators commute with the Hamiltonian Eq. (15), i.e.
After having obtained the symmetry operators of the system under consideration, it is natural to ask what kind of quantum superalgebra can be derived from the above symmetry. The answer will be given in the following section.
4 Realization of the quantum superalgebra sl q (2/1)
The task of the present section is to realize the quantum superalgebra sl q (2/1) based on the defined symmetry operators Eq. (21) . We begin by recalling that the quantum superalgebra sl q (2/1) can be viewed as a qdeformation of classical Lie superalgebra sl(2/1) through the q-deformed relations [24] , between a set of generators denoted by e 1 , e 2 ,
The last two relations are called the Serre relations. The matrix (a i,j ) is the Cartan one of sl(2/1), i.e.
With the help of the symmetry operators Eq.(18), it is possible to give the following construction for the generators e 1 , e 2 , f 1 , f 2 , k 1 and k 2
It turns out that the above generators satisfy the algebraic relations characterizing the quantum superalgebra sl q (2/1) as shown by Eq.(23). This is a way to prove that we can realize the sl q (2/1) by using the symmetry operators stated above. Now, let us return to investigate the connection between the deformation, through the q-deformed parameter, and the degeneracy of the system under consideration.
Degeneracy of the lowest Landau level
Here we focus on the study of the degeneracy of the lowest Landau level of the spin- 1 2 electron in the presence of a constant perpendicular magnetic field. To begin with, let us note that the representation of the quantum superalgebra sl q (2/1) when q is a root of unity (q = e 2πi k , where k is a positive integer value) [24] has many important properties, for instance, it is a cyclic irreductible representation and is 2k-dimensional. We also note that the eigenfunctions of the Hamiltonian describing our system are |m, l, m F >, where m = 0, 1, ..., ∞ numerate the energy Landau level, l label the different quantum states in the Landau level for a given m, and finally m F introduces the states related to the spin. In our study, we consider only the lowest Landau level, which equivalent to m = 0.
Following the representation theory of the quantum superalgebras at roots of unity, the action of the sl q (2/1) generators on the system states |m, l, m F > can be written as
(26) where λ 1 , λ 2 , µ 1 , µ 2 and ϕ are a set of the complex constants, which can be determined by the cyclic properties of the representation.
As mentioned above, the cyclic irreductible representation {|m, l, m F > , m = 0; l = 0, 1, ..., k − 1; m F = 0, 1} is 2k-dimensional. From the last set of equations, we can see immediatly that the degree of degeneracy of the lowest Landau level is just 2k. This is one of the main results derived in this paper.
Conclusion
We have shown that the motion of a spin-1 2 electron in a constant magnetic field moving on the Poincaré upper half-plane H provides an important example of condensed matter physics where the quantum superalgebra sl q (2/1) find its application. The latter is realized after proving that the supersymmetric extensions of the "magnetic translation" operators are not the symmetry operators of our system, but there are other ones leading to the construction of sl q (2/1).
In the last section, we have determined the degree of degeneracy of the lowest Landau level with the help of the representation theory of the quantum superalgebra sl q (2/1). Thus the degree coincides with 2k-dimensional representation only when the q-deformed parameter is chosen to be a root of unity, i.e. q = e 2πi k .
This new construction of the quantum superalgebra leads us to think of dealing with other problems related to condensed matter physics in the context of the techniques of quantum superalgebras. We hope to return to these and related questions in subsequent publications.
